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THE J-FLOW ON TORIC MANIFOLDS
YI YAO
Abstract. We study the J-flow on the toric manifolds, through study
the transition map between the moment maps induced by two Ka¨hler
metrics, which is a diffeomorphism between polytopes. This is similar to
the work of Fang-Lai, under the assumption of Calabi symmetry, they
study the monotone map between two intervals. We get a partial bound
of the derivatives of transition map.
1. Introduction
In [4], Donaldson described the various situations where the diffeomor-
phism groups act on some spaces of maps between manifolds, these actions
induce the moment maps, then various geometric flows arise as the gradient
flow of the norm square of moment maps, and the J-flow is one of these.
Moreover, in the study of the K-energy, Chen [2] introduce J-flow as the
gradient flow of the J-functional. Let X be a Ka¨hler manifold with a Ka¨hler
class [ω], the space of Ka¨hler potentials is
H = {ϕ | ωϕ = ω +
√−1∂∂¯ϕ > 0}
Let α be a Ka¨hler metric, the J-functional is defined on H by
Jα,ω(ϕ) =
∫ 1
0
∫
X
ϕ˙t(α ∧ ωn−1ϕt − cωnϕt)
dt
(n − 1)!
where {ϕt}0≤t≤1 be any smooth path in H from 0 to ϕ, and c =
∫
ωn−1∧α∫
ωn
,
so Jα,ω(ϕ) = Jα,ω(ϕ + a). The critical point ϕ of Jα,ω should satisfy the
Donaldson’s equation
(1.1) cωnϕ = α ∧ ωn−1ϕ
And the J-flow is
(1.2)
{
∂ϕ
∂t = nc−
nωn−1ϕ ∧α
ωnϕ
ϕ|t=0 = ϕ0
Chen [3] showed the long time existence of J-flow and the convergence to
solution of (1.1) when α have non-negative bisectional curvature. Then in
the work of Song-Weinkove [12], by a more delicate estimate based on the
previous work of Weinkove [17, 18], a necessary and sufficient condition for
convergence is found,
1
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J-flow (1.2) converges to the solution of (1.1) if and only if there exists a
metric ω′ ∈ [ω] such that the (n− 1, n − 1) type form
(1.3) ncω′n−1 − (n− 1)ω′n−2 ∧ α > 0
This condition almost assume that there exists a subsolution of (1.1). How-
ever it is hard to check for concrete example. In particular, it is hard to see
from this condition that whether the convergence depends on the choice of
α in its class [α], in other words, if the solvability of (1.1) only depends on
the class [ω] and [α].
In [10], Lejmi and Sze´kelyhidi study the solvability of (1.1) from the view
of geometric stability, as the problem of the existence of cscK metrics, that
is conjectured be equivalent to the K-stability of manifold. Let L be a line
bundle on X, [ω] = c1(L), for a test-configuration χ for (X,L), they define
an invariant Fα(χ) which is similar to the Donaldson-Futaki invariant when
we study the Ka¨hler-Einstein metrics with conical singularity. It is proved
that if (1.1) have a solution then Fα(χ) > 0 for any test-configuration χ
with positive norm, this is corresponding to the result in [14] which is for
the cscK metrics. In particular, when χ is coming from the deformation
to the normal cone of a subvariety (see [11]), the corresponding condition
Fα(χ) > 0 is
For all p-dimensional subvariety V of X, where p = 1, 2, · · · , n − 1, we
have
(1.4) nc
∫
V
ωp
p!
>
∫
V
ωp−1
(p− 1)! ∧ α
Obviously these conditions only depend on the classes. They also conjecture
that (1.4) would be sufficient condition for (1.1) have solution. Moreover,
(1.4) can be derived directly, suppose (1.1) have solution ϕ, for smooth point
x ∈ V , choose coordinate zi such that V = {zp+1 = · · · = zn = 0} near x,
and ωϕ,ij¯ = δij¯ at x, since
pωp−1ϕ,V ∧ αV = trωϕ,V αV ωpϕ,V
where αV is the restriction of α on V . The trace trωϕ,V αV =
∑
i≤p αi¯i <∑
αi¯i = nc, so ncω
p
ϕ,V − pωp−1ϕ,V ∧ αV > 0 at x, then integrate it over Vreg
is (1.4). In the same way, we see ncωϕ − α > 0, so on the class level
nc[ω] − [α] > 0. When n = 2, by (1.3) this is a necessary and sufficient
condition for solving (1.1), but when n > 2 it is not sufficient, see counter-
example in [10].
When n = 2, Donaldson [4] noted that the above condition nc[ω]−[α] > 0
is satisfied for all Ka¨hler classes if there not exist curves with negative self-
intersection, and conjectured that if this condition is violated, the flow (1.2)
will blow up over these curves.
In [12], they confirm the above conjecture in a partial sense. More re-
cently, in [8, 13], they consider the situations where nc[ω] − [α] ≥ 0 or α
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degenerate along a divisor, it is proved that the flow will converge outside
a union set of curves. The argument heavily depends on the fact that when
n = 2 (1.1) can be transformed to the Monge-AmpsˇSˇre equation, and the
latter has continuous solution in the degenerate case, due to the work of
Eyssidieux-Guedj-Zeriahi.
For the concrete example, Fang and Lai [7] study the long time behavior
of J-flow on the projective bundles Xm,n = P(OPn ⊕OPn(−1)⊕(m+1)), X0,n
is the Pn+1 blow-up one point. Under the Calabi symmetry assumption,
the flow can be described by a time-dependent monotone map between two
intervals, through solve the static equation (ODE), they see the flow always
converges to a Ka¨hler current and on its smooth region satisfies (1.1).
In this paper, we study J-flow on the toric manifolds and assume the
metrics are invariant under torus action. We expect to find more verifiable
conditions which can ensure the flow converges, maybe (1.4) for the invariant
subvarieties or some combinatorial conditions for polytopes. If the flow dose
not converge, we also want to understand its asymptotic behavior.
After the symmetry reduction, (1.2) can be defined on Rn by
∂φt
∂t
= nc−
∑
i,j
fijφ
ij
t
where φt and f are potentials for ωϕt and α respectively, they conform the
asymptotic behavior at infinity assigned by the polytope P and Q. Through
the Legendre transform of φt, this nonlinear equation be transformed to a
quasilinear one which is defined on P,
(1.5)
∂ut
∂t
=
∑
i,j
fij(∇ut)uij − nc
ut is the Legendre transform of φt, satisfies Guillemin’s boundary condition,
so ∇ut blow up near the boundary, since [fij] degenerate at infinity, so (1.5)
is degenerate on the boundary, the RHS is even not defined on the boundary.
Moreover, when the flow dose not converge, by the example 4.7, we see ∇ut
may blow up in a whole domain located in P as t→∞.
We turn to study the transition map Ut = ∇f ◦∇ut between the moment
maps induced by ωϕt and α, it is a diffeomorphism between polytopes and
map the face to face. The price is Ut satisfies a degenerate parabolic system
(4.3). The static map satisfies
trDU ≡ nc
In the paper we just get a partial bound on DUt, we conjecture that DUt is
bounded uniformly w.r.t. time, and Ut will converge to a limit map U∞ even
if the origin J-flow does not converge, but in this case U∞ must degenerate
on some domain in the sense detDU∞ = 0, since if detDU > δ uniformly
imply the flow converges. This degeneracy may violate the condition (3.6).
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We also want to know if J-flow minimizes the functional, namely if
Eα(ωϕt)→ inf
ω∈[ω]
Eα(ω)
where
Eα(ω) =
1
2
∫
X
(trωα)
2ω
n
n!
=
1
2
∫
P
(trDU)2 dy
If it does, trDU∞ may correspond to the worst test-configuration which be
discussed in [10].
2. Toric Manifolds and Potentials
We review the Ka¨hler structure on toric manifolds in detail, since we need
the coordinate charts which include the invariant divisors, the logarithmic
coordinate defined on the dense open set push these divisors to infinity.
These coordinates also been introduced in [6], here we give a basis-free for-
mulation. More details of toric variety see [9].
Let (C,×), (R≥,×) be semi-groups, R≥ is the set of non-negative real
number. N is a lattice with rank n, its dual lattice is M , given a Delzant
polytope P in MR = M ⊗Z R, and suppose {ui} ⊂ N be the prime inward
normal vectors of the facets of P, then P is
(2.1) P = {y ∈MR | di(y) = 〈ui, y〉+ bi ≥ 0, for all i}
it induces a fan Σ (a collection of cones) in NR = N ⊗ZR. For a vertex q of
P, it corresponds a n-dimensional cone σq in Σ,
σq = {u ∈ NR | 〈u, q〉 = minP 〈u, ·〉}
its dual cone σ∨q = {y ∈ MR | 〈σq, y〉 ≥ 0} is generated by P − q, and
the semi-group σ∨q ∩M is finitely generated, so we can construct a finitely
generated algebra C[σ∨q ∩ M ] = {
∑
v avχ
v | v ∈ σ∨q ∩ M, av ∈ C} with
multiplication χv · χv′ = χv+v′ , it defines an affine open set Uq
Uq = Spm C[σ
∨
q ∩M ] = {ϕ | ϕ : σ∨q ∩M → C}
where ϕ is a homomorphism between semi-groups. Let eq1, · · · , eqn ∈ M be
the prime vectors rooted at q and along the edges of P, it is a basis of M
due to Delzant’s conditions, and generates σ∨q ∩M . Assume ϕ(eqi ) = zqi ,
then Uq ∼= Cn = {(zq1 , · · · , zqn)}. Uq include the dense open subset U0 =
Spm C[M ] = {ϕ : M → C∗} ∼= N ⊗Z C∗ ∼= (C∗)n. {Uq} glues with each
other to form a toric manifold XΣ with a torus Spm C[M ] action.
The subset U≥q = {ϕ : σ∨q ∩M → R≥} ∼= Rn≥ is called the non-negative
part of Uq, πq : Uq → U≥q is defined by ϕ 7→ |ϕ|2. In the same way we have
π0 : U0 → U≥0 = {ϕ : M → R+} ∼= N ⊗Z R+. Since (R+,×) ∼= (R,+) by
a 7→ log a, we identify N ⊗Z R+ with N ⊗Z R = NR. {U≥q } glues with each
other to form a closed subset X≥Σ ⊂ XΣ, and {πq} glues to a continuous
map π : XΣ → X≥Σ .
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U0 ⊂ ✲ Uq ⊂ ✲ XΣ
MR ✛
dφ
NR ✛
∼=
U≥0
π0
❄
⊂ ✲ U≥q
πq
❄
⊂ ✲ X≥Σ
π
❄
Figure 2.1.
Let u be a symplectic potential, that is a convex function defined on P¯
and satisfies
• restrict u in the interior of a face, it is smooth and strictly convex.
• Guillemin boundary condition, u =∑ di(y) log di(y)+v, v ∈ C∞(P¯).
Then u induces an invariant Ka¨hler metric ωu in following way, let φ be the
Legendre transform of u, which is defined on NR, for x ∈ NR,
φ(x) = 〈x, y〉 − u(y), x = du(y), y = dφ(x)
Take a vertex q, let φq = φ − 〈·, q〉, φq can be defined on U≥0 through
U≥0 ∼= N ⊗Z R+ ∼= NR. Since U≥0 ⊂ U≥q , φq can be extended smoothly on
U≥q due to the Guillemin’s boundary condition, denote the extension is φ¯q.
Let Φq = φ¯q ◦ πq, then ωq =
√−1
2π ∂∂¯Φq > 0 on Uq due to the convexity of u.
Since φq − φq′ = 〈·, q′ − q〉, let χq be the pullback of 〈·, q〉 by the composed
map U0 → U≥0 → NR, so on U0, we have Φq − Φq′ = χq′−q. Take a basis
of M , χq is (z1, · · · , zn) 7−→ q1 log |z1|2 + · · · + qn log |zn|2, so ∂∂¯χq = 0.
Hence ωq = ωq′ on U0, so is on Uq ∩ Uq′ since U0 is dense, so {ωq} defines
ωu. In another way, let Φ be the pullback of φ by U0 → U≥0 → NR, then
ωu =
√−1
2π ∂∂¯Φ on U0, and the extension of Φ− χq to Uq is Φq.
The map U≥0 → NR
dφ→MR can be extended to X≥Σ as a homeomorphism
onto P¯ , compose it with π is the moment map µ of (XΣ, ωu) with respect
to the torus action.
The Ka¨hler class [ωu] =
∑
bi[Di], Di is the invariant divisor corresponding
to ui.
Now we take a basis of M and write down the above things explicitly, let
{eqi } be the basis mentioned above, and the dual basis of N is {viq}, it is the
prime generators of the cone σq.
Then Uq have coordinates z
q
i , U
≥
q
∼= Rn≥ have coordinates aqi ≥ 0, and
U≥0 = {(aqi ) | aqi > 0}, NR have coordinates xqi , MR have coordinates yiq.
The map πq : Uq → U≥q is (zqi ) 7→ (|zqi |2), and the identification U≥0 → NR
is (aqi ) 7→ (log aqi ).
In the following we omit the index q of variables for simplicity, xi, ai
always means xqi , a
q
i , etc.
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Let
uq(y
1, · · · , yn) = u(q + y1eq1 + · · ·+ yneqn), yi ≥ 0
Then the Legendre transform of uq is φq(
∑
xiv
i
q), xi = ∂uq/∂y
i, denote it as
φq(xi) , φq(x1, · · · , xn) for short. Since the map U0 → U≥0 → NR is (zi) 7→∑
log |zi|2 viq, so Φq(zi) = φq(log |zi|2), it can be extended smoothly on Cn
as a Ka¨hler potential, and φ¯q(ai) = φq(log ai) can be extended smoothly on
R
n
≥. We have three functions Φq(zi), (zi) ∈ Cn, φ¯q(ai), (ai) ∈ Rn≥, φq(xi),
(xi) ∈ Rn and satisfy
Φq(zi) = φ¯q(ai) = φq(xi), ai = |zi|2, xi = log ai
For the convexity of these functions, on Cn
(2.2)
[
∂2Φq
∂zi∂z¯j
]
=
[
δij
∂φ¯q
∂ai
+ z¯izj
∂2φ¯q
∂ai∂aj
]
> 0
On (C∗)n
(2.3)
[
∂2Φq
∂zi∂z¯j
]
=
[
1
ziz¯j
∂2φq
∂xi∂xj
]
> 0
φq is strictly convex on R
n. For φ¯q, note that when zi, zj 6= 0
(2.4) δij
∂φ¯q
∂ai
+ z¯izj
∂2φ¯q
∂ai∂aj
=
(
δijai
∂φ¯q
∂ai
+ aiaj
∂2φ¯q
∂ai∂aj
)
1
ziz¯j
we can see the RHS of (2.2) is positive definite if and only if φ¯q satisfies
• ∂φ¯q∂ai > 0 when ai = 0• for any Λ ⊆ {1, · · · , n}, it can be empty, on coordinate plane {ai >
0, i ∈ Λ, ai = 0, i /∈ Λ},[
δijai
∂φ¯q
∂ai
+ aiaj
∂2φ¯q
∂ai∂aj
]
i,j∈Λ
> 0
φ¯q and uq transform to each other in a way similar to the Legendre transform.
For example, on coordinate plane {y | yn = 0, yi 6= 0, i < n} corresponding
to the facet of polytope,
uq(y
i, 0) =
∑
i<n
yi log ai − φ¯q(ai, 0), yi = ai∂φ¯q
∂ai
(ak, 0), for i < n
So φ¯q|an=0 is determinate by uq|yn=0.
The moment map1 X≥Σ → P¯ , restrict on U≥q ∼= Rn≥ is
(2.5) (ai) 7→ q + a1∂φ¯q
∂a1
eq1 + · · ·+ an
∂φ¯q
∂an
eqn
1We call it as moment map just for convenient.
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it is smooth since φ¯q is smooth on R
n
≥. The inverse map is
(2.6) q + y1eq1 + · · ·+ yneqn 7→
(
exp
∂uq
∂yi
)
Since u satisfies the Guillemin’s boundary condition, uq =
∑
yi log yi+v(y),
v is smooth to the boundary, so exp
∂uq
∂yi
= yi exp(1 + ∂v
∂yi
) is smooth. Hence
X≥Σ → P¯ is actually a diffeomorphism.
On U≥0 , compose (2.5) and its inverse (2.6), we have
∂uq
∂yi
(
a1
∂φ¯q
∂a1
, · · · , an ∂φ¯q
∂an
)
= log ai
Take derivative w.r.t. aj ,∑
k
∂2uq
∂yi∂yk
(
δkjaj
∂φ¯q
∂aj
+ akaj
∂2φ¯q
∂ak∂aj
)
= δij
so on U≥0 ,
(2.7)
[
δijai
∂φ¯q
∂ai
+ aiaj
∂2φ¯q
∂ai∂aj
]−1
(ak) =
[
∂2uq
∂yi∂yj
]
(ak
∂φ¯q
∂ak
)
with (2.2) and (2.4), ai = |zi|2, we have
(2.8)
[
∂2Φq
∂zi∂z¯j
]−1
(zi) =
[
z¯izj
∂2uq
∂yi∂yj
]
(ai
∂φ¯q
∂ai
)
On the coordinate plane we have similar formula, for example on {zn =
zn−1 = 0, zα 6= 0},
(2.9)
[
∂2Φq
∂zi∂z¯j
]−1
=


(
z¯izj
∂2uq
∂yi∂yj
)
i,j<n−1
0 0
0 (
∂φ¯q
∂an−1
)−1 0
0 0 (
∂φ¯q
∂an
)−1


We know [uq,ij ] is singular on the boundary of polytope, however its
inverse can be extended smoothly to the boundary.
Proposition 2.1. The inverse of [uq,ij] can be extended smoothly on P¯ .
Proof. From (2.7) and (2.6) we know the inverse
(2.10) [uijq ](y
k) =
[
δijai
∂φ¯q
∂ai
+ aiaj
∂2φ¯q
∂ai∂aj
]
(exp
∂uq
∂yk
)
Obviously it is can be extended to the boundary, moreover [uijq ] is semi-
positive definite on the face, and positive definite in the tangent space of
face. 
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3. Transition Between Moment Maps
Let P and Q be defined by (2.1) with different collection of bi, they have
similar shape, for every face of P there is a corresponding face of Q parallel
to it. Then induce same fan Σ, so same toric manifold XΣ. Let [ω] and [α]
be the corresponding Ka¨hler class. The invariant Ka¨hler metric ω induces
a moment map µω : XΣ → P¯ , and α induces another one µα : XΣ → Q¯. It
is well known that µω establishes a one-to-one correspondence between the
real torus orbits and the points of P¯ , so there is a transition map U : P¯ → Q¯
such that U ◦µω = µα, it is a homeomorphism. We next check it is actually
a diffeomorphism.
Let u(y) and g(y) be the symplectic potentials of ω and α, they are defined
on P¯ and Q¯ respectively. Take a vertex q of P, the corresponding vertex of
Q is q′. It corresponds an affine open set Uq = Uq′ , we have coordinates on
it. Without loss of generality2, we assume q = q′ = 0, so φ = φq, u = uq. In
the following, we omit the index q, q′ of potentials, and denote the potentials
Φ, φ¯, φ for ω, F , f¯ , f for α, such that ω =
√−1
2π ∂∂¯Φ =
√−1
2π Φij¯dz
i ∧ dz¯j ,
α =
√−1
2π ∂∂¯F =
√−1
2π Fij¯dz
i ∧ dz¯j .
Assume
U(q + y1eq1 + · · · + yneqn) = q′ +
∑
i
U i(y)eqi
Note that µω is the composition of π with X
≥
Σ → P¯, π is independent of
metrics, then compose (2.5) for f¯ and (2.6) for u, we have
(3.1) U i(y) =
∂f¯
∂ai
(
exp
∂u
∂y1
, · · · , exp ∂u
∂yn
)
exp
∂u
∂yi
Since exp ∂u
∂yi
= yi exp(1 + ∂v
∂yi
) is smooth due to the Guillemin’s boundary
condition, so U is a diffeomorphism.
When yk > 0 for all k, namely in the interior of P¯ , by f¯(ai) = f(log ai),
U i(y) =
∂f
∂xi
(
∂u
∂y1
, · · · , ∂u
∂yn
)
namely (U i) = ∇f(∇u), since ∇f : Rn → Q is a diffeomorphism and the
inverse is ∇g, so ∇u = ∇g(U). Change the order of derivatives, uij = uji,
we see U must satisfy a compatible condition,
(3.2)
∑
k
gik(U)
∂U j
∂yk
=
∑
k
gjk(U)
∂U i
∂yk
by Proposition 2.1, gik is smooth on Q¯, so above identity is actually valid
on P¯ .
2We can translate the polytope such that q = 0.
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Remark 3.1. The compatible condition can be described in a natural way, for
a point y ∈ P, we define a metric on TyMR = MR by 〈 ∂∂yi , ∂∂yj 〉 = gij(U(y)),
then (3.2) says DU |y : MR → MR is self-dual and positive, positive is
because 〈DU ∂
∂yi
, ∂
∂yj
〉 = ∂Uk
∂yi
gkj(U) = fkl(∇u)uligkj(U) = uji is positive
definite. If y ∈ ∂P , we define the metric on the tangent space of face, and
restrict DU |y on the tangent space is self-dual and positive.
For metric ω and α, we defined a linear transform A on T 1,0X by
〈A∂i, ∂j〉ω = 〈∂i, ∂j〉α
where 〈∂i, ∂j〉ω = Φij¯. Suppose A∂i = Aki ∂k, then Aki = Fij¯Φkj¯. A is
self-dual respect to ω and α, namely 〈A∂i, ∂j〉ω = 〈∂i, A∂j〉ω, 〈A∂i, ∂j〉α =
〈∂i, A∂j〉α, and positive 〈Ax, x〉ω = 〈x, x〉α > 0 for 0 6= x ∈ T 1,0M .
On U0 ∼= (C∗)n, by (2.3) and (2.8),
(3.3) Aki = Fij¯Φ
kj¯ =
1
ziz¯j
fijzkz¯jukj =
zk
zi
∂U i
∂yk
The characteristic polynomial of A : T 1,0M → T 1,0M
det(id + tA) = det[δki + tA
k
i ] = det[
zk
zi
(δki + t
∂U i
∂yk
)] = det(id+ tDU)|µω
This identity holds on X by continuation.
Proposition 3.2. A : T 1,0M → T 1,0M with DU : MR → MR have the
same characteristic polynomial. In particular, the eigenvalues of DU are
positive.
Note that
det(id+ tA) =
(ω + tα)n
ωn
so we have
(ω + tα)n
ωn
= det(id+ tDU)|µω
In particular,
(3.4) trωα =
nωn−1 ∧ α
ωn
= trA = trDU |µω ,
αn
ωn
= detA = detDU |µω
Donaldson’s equation (1.1) is trDU ≡ nc, and U is subject to (3.2).
Moreover, when we restrict metrics on the invariant subvariety, we have
Proposition 3.3. Assume F is a p-dimensional face of P, V is the in-
variant subvariety corresponding to F , ωV is the restriction of ω on V ,
U |F : F → F ′ is the restriction of U , F ′ is the corresponding face of Q, then
on V
(ωV + tαV )
p
ωpV
= det(id+ tD(U |F ))|µω
where µω map V onto F¯ , D(U |F ) = DU |TF is the tangent map of U |F ,
since TF = TF ′, it is a linear transform of TF .
THE J-FLOW ON TORIC MANIFOLDS 10
Proof. Just note that µω|V : V → F¯ is the moment map of (V, ωV ) w.r.t.
the real torus action. 
In particular, on V
(3.5) αV ∧
ωp−1V
(p− 1)! = (trDU |TF ) |µω
ωpV
p!
Note that the push-out measure of
ωp
V
p! by µω|V is σF , the canonical measure
on F . First we have the Lebesgue measure Ω on MR induced by the lattice
M , and let {ui}n−pi=1 be the generators that vanished along TF , then σF =
(ιv1 · · · ιvn−pΩ)|TF , where {vi} ⊂ MR such that 〈ui, vj〉 = δij . Integrate
(3.5), we have ∫
V
αV ∧
ωp−1V
(p− 1)! =
∫
F
trDU |TF dσF
In particular, take F = P∫
X
α ∧ ω
n−1
(n− 1)! =
∫
P
∑
i
∂U i
∂yi
dy
Then the condition (1.4) for the invariant subvarieties is for any p-dimensional
face F of P
(3.6)
1
vol(F )
∫
F
trDU |TF dσF < nc = 1
vol(P)
∫
P
trDU dy
If (1.4) have a solution, we can derived this directly. The solution induces a
transition map U such that trDU ≡ nc. Since on F , TF is invariant under
DU , it induces DU |MR/TF : MR/TF → MR/TF , and its trace must be
positive, so
trDU = trDU |TF + trDU |MR/TF > trDU |TF
integrate this inequality over F , we get (3.6).
4. the Flow of Transition Maps
Suppose ωϕt be the solution of (1.2), if the initial data ω, ϕ0 are invariant
then ϕt is always invariant. Assume ω and α has potential φ0 and f defined
on NR respectively, then ωϕt has potential φt = φ0+ϕt, denote the Legendre
transform of φt is ut defined on P¯ , namely the symplectic potential of ωϕt.
The transition map from P¯ to Q¯ induced by ωϕt and α is Ut.
Fix y ∈ P, assume xt ∈ NR such that
dφt(xt) = y
then
ut(y) = 〈xt, y〉 − φt(xt)
∂ut
∂t
(y) = 〈dxt
dt
, y〉 − ∂φt
∂t
(xt)− 〈dφt, dxt
dt
〉 = −∂φt
∂t
(xt) = −∂ϕt
∂t
(xt)
by this and (1.2), (3.4), we have
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(4.1)
∂ut
∂t
=
∑
fij(∇ut)uij − nc, on P
and
∂ut
∂t
=
∑
i
∂U i
∂yi
− nc, on P¯
since ∂ut∂t is smooth on P¯ .
Next we consider the evolute equation of Ut, on P
∂U i
∂t
=
∂
∂t
(fi(∇ut)) =
∑
j
fij(∇ut) ∂
∂yj
(
∂ut
∂t
)
=
∑
j,k
fij(∇ut) ∂
2Uk
∂yj∂yk
=
∑
j,k
gij(U)
∂2Uk
∂yj∂yk
Recall that [gij ] = [∂i∂jg]
−1 is smooth on Q¯, so actually on the whole P¯ , we
have
(4.2)
∂U i
∂t
=
∑
j,k
gij(U)
∂2Uk
∂yj∂yk
From (2.10) we know exactly how [gij ] degenerate at boundary, when U ∈ F ′
the vector
(∑
j,k g
ij(U) ∂
2Uk
∂yj∂yk
)i
is located in the tangent space of F ′, this
make Ut map F to F
′ along the flow. In particular, gjk = 0 at the vertex,
so Ut fix all vertex.
(4.2) is not a parabolic system, however we can use (3.2) to modify it,
recall that
∑
k
gik(U)
∂U j
∂yk
=
∑
k
gjk(U)
∂U i
∂yk
, on P¯
thus
∂U i
∂t
=
∂
∂yk
(gij(U)
∂Uk
∂yj
)− (gij)l(U)∂U
l
∂yk
∂Uk
∂yj
=
∂
∂yk
(gkj(U)
∂U i
∂yj
)− (gij)l(U)∂U
l
∂yk
∂Uk
∂yj
(4.3)
= gkj(U)
∂2U i
∂yk∂yj
− (gij)l(U)∂U
l
∂yk
∂Uk
∂yj
+ (gkj)l(U)
∂U l
∂yk
∂U i
∂yj
where (gij)l =
∂
∂yl
gij is the derivatives of gij(y).
(4.3) is a quasi-linear parabolic system degenerated on the boundary, the
equation in second row have a nice divergence form. A direct computation
show that if the solution of (4.3) satisfies (3.2) at t = 0 then will satisfy it all
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the time. We already know that (4.3) has long time solution from the origin
J-flow (1.2), the question is how Ut will behave as time tend to infinity.
4.1. Some Basic Estimates.
Lemma 4.1. inft=0 trωϕα ≤ trωϕα ≤ supt=0 trωϕα.
Proof. As in [3], take derivative of (1.2) w.r.t. time,
∂2ϕ
∂t2
= gil¯ϕαij¯g
kj¯
ϕ (
∂ϕ
∂t
)kl¯
then applied the maximal principle. We also can use (4.2), let δ > 0, suppose
G , trDU − δt at (y0, t0) take the maximum value over P¯ × [0, T ]. If
t0 > 0, we consider the case when y0 ∈ F ◦, F is a 1-codimensional face,
the other case is similar. Choose a coordinate such that P ⊂ {yn ≥ 0},
F = P ∩ {yn = 0}, then at (y0, t0)
0 ≤ ∂
∂t
G =
∑
p<n
(
∂Up
∂t
)
p
+
(
∂Un
∂t
)
n
− δ
=
∑
p,q<n
gpq(U)Gpq +
∑
p,q<n
(gpq(U))pGq
+(gnn)n (U)
∂Un
∂yn
Gn − δ
≤ −δ
Note that [gpq(U(y0))] > 0, g
ni(U(y0)) = 0, (g
nn)n (U(y0)) ≥ 0, [Gpq(y0)] ≤
0, Gq(y0) = 0, Gn(y0) ≤ 0, ∂Un∂yn (y0) > 0. It is a contradiction, so t0 = 0.
Then let δ → 0, we get the upper bound, for the lower bound is similar. 
The above estimate gives upper bound of the eigenvalues of DU . At a
point, choose a basis {ei} of T 1,0X such that 〈ei, ej〉ωϕ = δij , 〈ei, ej〉α =
λiδij , λi > 0, Aei = λiei, A is the linear transform induced by ωϕ and α.
From proposition 3.2, λi is also the eigenvalue of DU ,
(4.4) ‖A‖2 , tr(AA∗) = tr(A2) =
∑
λ2i <
(∑
λi
)2
= (trA)2
where A∗ is the dual transform w.r.t ωϕ or α. So ‖A‖2 is bounded uniformly
along the flow, moreover on U0, with (2.8), (3.3)
tr(AA∗) = AijA¯kl Φik¯Φ
jl¯ = AijA¯
k
l Fik¯F
jl¯ =
∂U j
∂yi
∂U l
∂yk
gik(U)gjl(U)
Theorem 4.2. The eigenvalues of DUt are positive and upper bounded uni-
formly. In the interior of P, we have a partial bound on DU ,
(4.5)
∑
i,j,k,l
∂U j
∂yi
∂U l
∂yk
gik(U)gjl(U) ≤ C
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and on P¯,
(4.6) detDU ≤ C ′
To get the version of (4.5) on ∂P, take a point y in the interior of face
F , dimF = p. Since DU |y : MR → MR have an invariant subspace TF , it
induces DU |MR/TF : MR/TF → MR/TF , because F is the intersection of
n − p (p + 1)-dimensional face and U map face to face, so MR/TF can be
decomposed to a direct sum of 1-dimensional invariant subspace, and the
eigenvalues on these 1-dim subspace are also eigenvalues of DU , so they are
positive and bounded uniformly. For DU |TF : TF → TF , it is self-dual and
positive w.r.t. the metric on TF , namely D
2g|F ′ , F ′ is the corresponding
face.
For example, dimF = n − 2, choose a coordinate such that F is parallel
to {yn = yn−1 = 0},
Corollary 4.3. On the face F , the eigenvalues of DU are constituted of
∂Un
∂yn ,
∂Un−1
∂yn−1
and eigenvalues of DU |TF , they are positive and upper bounded
uniformly, and in the interior of F ,
∑
i,j,k,l≤n−2
∂U j
∂yi
∂U l
∂yk
gik(U)gjl(U) ≤ C
Remark 4.4. The reason that we call (4.5) is just a partial bound is, for
y ∈ P◦, choose a basis of MR such that gij(Ut(y)) = µiδij , then (4.5) is∑
i,j
(
∂Uj
∂yi
)2 µj
µi
≤ C, but when t → ∞, Ut(y) may approach to ∂Q, there
exists some i, j such that
µj
µi
go to zero, so we can’t bound ∂U
j
∂yi
(y) from (4.5).
Take i = j,
∣∣∣∂U i∂yi
∣∣∣ is bounded uniformly.
Theorem 4.5. The flow converges to a smooth solution of (1.1) if and only
if there exists δ > 0 such that detDU ≥ δ uniformly.
Proof. The necessity is trivial. Conversely if detDU ≥ δ uniformly, since
the eigenvalues of DU is upper bounded uniformly, so is below bounded
uniformly, hence trαωϕ is bounded uniformly from both side, then by the
arguments in [17], flow converges to the solution of (1.1). 
As the counterpart of Calabi’s functional, we have the energy functional
E,
(4.7) Eα(ω) =
1
2
∫
X
(trωα)
2ω
n
n!
=
1
2
∫
P
(trDU)2 dy
Proposition 4.6. Energy functional E is non-increasing along the flow.
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Figure 4.1.
Proof. by (4.2)
dE
dt
=
∫
P
trDU
∂
∂yk
(
∂Uk
∂t
)
dy
=
∫
P
div
(
trDU · ∂U
∂t
)
dy −
∫
P
∂trDU
∂yk
∂Uk
∂t
dy
= −
∫
P
gkl(U)
∂trDU
∂yk
∂trDU
∂yl
dy ≤ 0(4.8)
since on the boundary of P, ∂U∂t is along the face, so the divergence term is
zero. 
Note that we also have
dE
dt
= −
∫
P
∂trDU
∂yk
∂Uk
∂t
dy = −
∫
P
gkl(U)
∂Uk
∂t
∂U l
∂t
dy ≤ 0
By [3], we know that E has the same critical point as J-functional, namely
the solution of (1.1). It is interesting to consider the variational problem
min{
∫
P
(trDU)2 dy | U : P¯ → Q¯, U s.t. (3.2)}
Example 4.7. In [7], Fang and Lai study the J-flow on the Pn blow-up
1 point under the assumption of Calabi symmetry, namely the metrics are
U(n)-invariant, in our toric setting require metrics are (S1)n-invariant, to
make their results fit into the toric setting, we need to require the symplectic
potentials have more symmetry. Let
P =
{
y ∈ Rn | yi ≥ 0, 1 ≤
∑
yi ≤ b
}
it gives the Pn blow-up 1 point with Ka¨hler class [ω] = b[E∞]− [E0], E∞ is
the pull-back of hyperplane divisor byX → Pn, E0 is the exceptional divisor.
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Let Q = {y | yi ≥ 0, 1 ≤∑ yi ≤ a}, it corresponds [α] = a[E∞]− [E0]. We
require the symplectic potentials have the following form, denote B =
∑
yi
u =
∑
yi log yi −B logB + h(B)
where h is a convex function defined on [1, b] and satisfies h(B) − (B −
1) log(B− 1)− (b−B) log(b−B) is smooth on [1, b], then we can check that
u satisfies Guillemin’s conditions. In the same way, symplectic potential
defined on Q has form g = ∑ yi log yi − B logB + θ(B), let the Legendre
transform of h and θ is p and η respectively, they are defined on R. Then
the induced transition map U between polytopes is
U i(y) = η′(h′(
∑
yi))
yi∑
yi
Let f(B) = η′(h′(B)), then f is a smooth function that map [1, b] to [1, a],
0 < f ′ <∞.
Suppose u(y, t) is a solution of J-flow (4.1), it preserves its form along the
flow, h, p and f changes by time. The evolute equation (4.2) is reduced to
∂f
∂t
=
1
θ′′(f)
(
∂2f
∂B2
+ (n− 1) 1
B
∂f
∂B
− (n− 1) 1
B2
f
)
Note that nc = nab
n−1−1
bn−1 . For the limit behavior of flow, there are three
cases which be up to nc.
Case 1. nc > n−1, the flow converges to a smooth solution of (1.1). Ut →
U∞ is a diffeomorphism between polytopes satisfies trDU∞ ≡ nc.
Case 2. nc = n− 1, the flow converges to a metric with conic singularity
along E0, and is a smooth solution of (1.1) on X\E0. Ut →
U∞ is a smooth one-to-one map between polytopes but not a
diffeomorphism, detDU∞ = 0 on face F0 = {y |
∑
yi ≡ 1} which
corresponds E0. trDU∞ ≡ nc, and on F0, trDU∞|TF0 = trDU∞.
Case 3. nc < n − 1, the most interesting case, ωt → ω∞ + (λ − 1)[E0]
is a Ka¨hler current, [ω∞] = b[E∞] − λ[E0], where λ ∈ (1, b) is
determinate by
(n− 1) b
λ
+
λn−1
bn−1
= na
Note that nc′ = n [ω∞]
n−1∪[α]
[ω∞]n
= nab
n−1−λn−1
bn−λn < nc, the above
equation is equivalent to nc′ = n−1λ .
ω∞ is a metric with conic singularity along E0, and is a smooth
solution of c′ωn = ωn ∧ α on X\E0.
Ut → U∞ is just C1 map which squeeze the region {1 ≤
∑
yi≤ λ}
onto the face {y |∑ yi ≡ 1} of Q, so on this region detDU∞ = 0,
and trDU∞ = n−1∑ yi . Its second derivative jump at {
∑
yi ≡ λ}.
U∞ map {λ ≤
∑
yi ≤ b} onto Q, in this region satisfies trDU∞ ≡
nc′, and detDU∞ = 0 only on {
∑
yi ≡ λ}. In this case, we see
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the gradient of symplectic potential ∇ut will blow up in {1 ≤∑
yi ≤ λ}.
From the partial bound of derivative (4.5), we can prove the following prop-
erty.
Proposition 4.8. Suppose yt is path of points in P◦, and there exists a
domain Ω ⊂⊂ Q, such that Ut(yt) ∈ Ω for t > T , then for any domain Ω1
such that Ω ⊂⊂ Ω1 ⊂⊂ Q, there exits ǫ > 0, such that Bǫ(yt) ⊂ P, and
Ut(Bǫ(yt)) ⊂ Ω1 for t > T . Bǫ(yt) is the Euclidean ball, the distance and
length in the proof is w.r.t. the Euclidean metric.
Proof. assume d(Ω¯, ∂Ω1) > δ, there exits a point b ∈ ∂U−1t (Ω1) such that
d(yt, b) = d(yt, ∂U
−1
t (Ω1)), let l be the segment located in U
−1
t (Ω¯1) con-
nected yt and b, since Ut(U
−1
t (Ω¯1)) = Ω¯1 ⊂⊂ P, by (4.5) we know on
U−1t (Ω¯1) the derivatives
∑(∂Uj
∂yi
)2
≤ C for all time, so the length of curve
L(Ut(l)) ≤ C ′d(yt, b), and Ut(l) connect Ut(yt) ∈ Ω and Ut(b) ∈ ∂Ω1, so
L(Ut(l)) ≥ δ. Thus d(yt, ∂U−1t (Ω1)) = d(yt, b) ≥ δ/C ′, then Bδ/2C′(yt) ⊂
U−1t (Ω1) ⊂ P for t > T . 
Remark 4.9. By this property, we take a point z ∈ Q◦, the inverse image
U−1t (z) = yt, then d(yt, ∂P) > ǫ. In particularly, the distance from the
minimum point of ut to ∂P has a uniform lower bound.
Finally, we make some speculation. First, if we can prove that yt → y∞ ∈
P◦, then Ut(y∞)→ z, by the above proposition, there exists δ > 0 such that
Bδ(y∞) ⊂ P◦ and d(Ut(Bδ(y∞), ∂Q) > c, then on Bδ(y∞), we have uniform
derivative bound by (4.5) and (4.3) is strictly parabolic, we may show Ut
converges on this ball. Then union these balls together we get a open set
Θ ⊂ P, Ut → U∞ on Θ, and U∞(Θ) = Q for the arbitrariness of z. This
means that Ut finally squeeze P\Θ onto ∂Q, as the case 3 in the example.
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